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Abstract-We study the oscillatory behavior of the bounded solutions of neutral differential equa- 
tions of the form 
[a(t)[z(t) - P(t)+ - 7)]‘“-“]’ + 6g(t)f(z(u(t))) = 0. 6=&l. (1) 
A sufficient condition is established for (1) to be ahnost oscillatory in the sense that every solution 
z(t) is either oscillatory or satisfies tlim_z(t) = 0. 
1. INTRODUCTION 
With regard to the equation (l), we assume that a, p, q, and u E C[[t,,oo),R], q 2 0 is not 
identically zero on any half-line of the form [t*,oo), lim t_+oo u(t) = 00, a > 0 is nondecreasing 
with 
J 
O” 1 
-dt=oo, 
a(t) 
f E C[R, R], z~(z) > 0 for t # 0, and 7 > 0. 
In what follows, by a proper solution of (1) we mean a function t : [T,, m) + R which 
satisfies (1) for sufficiently large t, and sup{ [z(t)1 : 1 2 T) > 0 for any T 2 T,. A proper solution 
of (1) is called oscillatory if it has arbitrarily large zeros; otherwise it is called nonoscillatory. 
Thus a nonoscillatory solution is necessarily eventually positive or eventually negative. We make 
the standing hypothesis that (1) posseses proper solutions. 
In this paper, we establish an oscillation theorem for bounded solution of (1). For more results 
on the oscillation of neutral differential equations, we refer the reader in particular to [l-6] 
2. LEMMAS 
The following lemmas will be needed in the proof of our theorems. First two lemmas are due 
to Kiguradze [7] and the third one is extracted from [8]. 
LEMMA 1. If u(t) is an n-times differentiable function on R+ of constant sign, ucn)(t) is of 
constant sign and not identically zero in any interval [tl, co), and 
u(t)u’“‘(i) 5 0, 
then 
(i) there exists a tz 2 tl such that the functions JE)(t), k = 1,2,. . . , n - 1, are of constant 
sign on [TV, oo), 
(ii) there is an integer 1, 0 5 15 n - 1 with n - 1 is odd, such that for t 1 t2 
u(t)u@)(t) > 0 k = 0,l 1 ,“‘, , 
(-1) n-k-lu(t)u(k)(t) > 0 k = 1,. . . ,n - 1. 
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LEMMA 2. Let u(t) be an n-times differentiable function on [tl, 00) with u(‘)(t), k = 0,. . . , n - 1, 
absolutelycontinuousandofconstantsign on [tl,oo), andlet u(t)u(“)(t) 2 0 foreveryt in [tl,oo), 
then either 
u(t)u(“)(t) > 0 k = 0,1,2,. . . ,n - 1 
or there is an integer 1, 0 5 15 n - 2 with n - I is even, such that fort 2 tl 
u(t)u@)(t) > 0 k = 0, 1, . . . ,I, 
(-l)“--” u(t)u’“‘(t) > 0 t = 1,. . . , n - 1. 
LEMMA 3. Let z, z,p : [t~,oo) -+ R and c E R be such that 
z(t) = z(t) + p(t)z(t - c), t Ltl = to + max{to, c}. 
Assume that there exists a real number p1 such that p1 5 p(t) 5 0. Suppose that z(t) > 0 
for t 2 to, and $nnf z(t) = 0 and that $II z(t) = L E R exists. Then L = 0. 
3. THE MAIN RESULT 
THEOREM 1. Assume that there exist positive numbers p1 and p such that p(t) satisfies 1 < p 5 
p(t) 5 pl c co. If a(t) is nondecreasing and 
J 
00 t”-lpodt=oo 
4) ’ 
then 
(i) every bounded solution z(t) of (1) is oscillatory when (-1)“6 = 1, 
(ii) every bounded solution z(t) of (1) is either oscillatory or $z t(t) = 0 when (-1)“6 = -1. 
PROOF. Let z(t) be a nonoscillatory bounded solution of (1). We may assume that z(t) is 
eventually positive. Let .z(t) = z(t) -p(t)z(t - T). We first claim that z(t) is eventually negative; 
otherwise, 
z(t) > p(t)z(t - T) > pz(t - T), 
so by induction we would have 
z(t) > p”z(t - n7), 
OP 
z(t + n7) > p”z(t), 
for every positive integer n. But this last inequality implies that z(t) -+ oo as t + co, contracting 
to our assumption that z(t) is bounded. 
Now, from (1) 
b(a(t)r(“-‘J(t))’ = -q(t)f(z(u(t))) 5 0. 
Thus &i(t)&‘-‘j(t) is a decreasing function for t 1 tl, and so we can have 
6a(t)r @-l)(t) > 0, for t > tl 
or 
&qt)z ‘“-l’(t) < 0, forl>T1>i1. 
Suppose that (4) holds. Then 
&l(t)2 (n-l)(t) 5 a@+‘“-“(Tl) < 0, for t 1 TI 
Integrating this inequality after dividing by a(t) from TI to t and using (2) we get 
6r(“-qt) + -00, ast+oo. 
(3) 
(4) 
Therefore, h(t) + -oo as t -i CCL But this contradicts to z(t) being bounded, and so (3) holds. 
Oscillation of bounded solutions 45 
Since bz(“-‘)(t)*(t) 
1 E (0,l) with (-l)“-‘5 = 1, such that for all t 1 tl 
tqt) < 0, i = 0, 1,2, . . . , I, (5) 
(-1)‘~‘z(‘)(t) < 0, i=l,...,n-1. 
Now, we integrate (1) from t to 00 and see that 
-&t(t)% (-l)(t) + r t 
Using the fact that o(t) is nondecreasing, it follows from (6) that 
-6r(“-l)(t) + 
J t 
O” f$@7(8))) ds 5 0. 
(6) 
(7) 
Now by (5) 
/lEdi)(t)=O, fori=1,2 ,..., n-2. 
So if we integrate (7) (n - 2) times from t to 00, we get 
(-1)-w(t) + &, Jm $$s - t)+2f(z(u(s))) ds < o. 
. t 
Denoting by z(oo) = f_a, lim z(t) and integrating the above from tl to 00, we obtain 
(-I)“+(tl) - z(m)] + & 1; $$(s - tiYf(44s)))ds < 0. (8) 
In view of (2) and the fact that z(t) is bounded, one can conclude from (8) that l$r&f _f(z(t)) 
= 0 or 
l\rngf z(t) = 0. (9) + 
Let (-1)“s = 1. We shall now proceed to show that 
lim 2(t) = 0. 
t-+00 
Because of (5) with 1= 0, it is clear that z(t) approaches to a finite limit L as t tends to infinity. 
By Lemma 3, L = 0. Since z(t) < 0 and z(t) + 0 as t + co, given E > 0 there exists a T such 
that 
z(t) > -&, for all t 2 T. 
so, 
z(t) > --E +pz(t - r), 
pz(t) < E + z(t + T), 
p”z(t) < E + ps + z(t + 27), 
p”z(t) < & + p& + . . *pn-Q + t(t + n7). (10) 
Letting M be a bound for z(t) and simplifying (lo), we obtain that 
P -n - 1 
z(t) < E- l  p + Mp-". (11) 
Because p-” goes to zero as n tends to infinity, and E is arbitrary, from (11) we have z(t) --* 0 
as t --, oo as desired. 
Suppose that (-1)“6 = -1. Because z(t) is bounded and I = 1, p% z(t) exists. In view of (9), 
-+ 
it follows from Lemma 3 that 
Z(t) - 0, ast+oo. 
But this contradicts to the fact that z(t) is negative and decreasing, and hence proves that z(t) 
is oscillatory. The case when z(t) is eventually negative is similar. 
46 A. ZAFER, R.S. DAHIYA 
REFERENCES 
I. S.R. Grace and B.S. LdIi, Oscillation of nonlinear second order neutraI delay differentkl equations, Rod. 
Mat 3, 77-84 (1987). 
2. JR Graef, M.K. Gramma tikopoub and P.W. Spikes, Asymptotic properties of solutions of nonlinear 
neutral delay differential equations of the second order, Rod. Mar. 4, 133-149 (1966). 
3. M.K. Gr ammatikopoubs, G. Ladas and A. Meimaridou, Oscillation of second order neutral differential 
equations, Rod. Mat. 2, 267-274 (1985). 
4. E.A. Grove, G. Ladas and J. Schinas, SuiIicient conditione for the oscillation of delay and neutral delay 
equations, Canad. Math. Bull. 31, 459-466 (1966). 
5. G. Lades and Y.G. Sficas, Oscillation of higher-order neutrd equations, J. Austral. Math. Sot. 27, 502-511 
(1986). 
6. G.S. Ladde, V. Lakshmikantham and B.G. Zhang, Oacillalion Theory of Differenlial Equation8 with Devi- 
ating Argumenia, Marcel Dekker, Inc., New York, (1987). 
7. I.T. Kiguradze, On the oscillation of solutions of equation dmu/dtm +a(t)umsgnu = 0, Mol.% 65, 172-187 
(1964). 
8. Q. Chuanxi and G. Ladaa, Oscillation of neutral differentid equations with variable coefficients, Applicable 
Anal. 32, 215-228 (1989). 
9. J. Hale, Theory of Functional Diflerential Equationr, Springer-Verlag, New York, (1977). 
